Nomenclature
Aj" = nonoscillatory function a j = amplitude of the jth mode BJ" = nonoscillatory function b = linear stiffness of bearing C in the a and ft directions ( 
Introduction
N ONSTATIONARY mechanical systems are those systems whose parameters, such as mass, stiffness, natural frequency, and external perturbation frequency, are time dependent. These systems are frequently encountered in practical applications such as transition resonance of turboengines, vibration testing of space vehicles, and variable mass of a rocket during launch.
Lewis 1 was the first to present a solution for the response of a nonstationary, linear, single-degree-of-freedom mechanical system subjected to an excitation whose frequency is a linear function of time. An outstanding contribution in this field of mechanics was also made by the Russian school. In particular, Mitropolskii extended the asymptotic method to nonstationary problems, although he did not mention combination resonances in his monograph. 2 Combination resonances and related concepts, such as resonance coefficients and resonance conditions in stationary nonlinear systems, are discussed by Mettler, 3 who applied the averaging method, and by Leiss, 4 who used the asymptotic method. An exhaustive bibliography on the subject of nonstationary systems can be found in a survey paper by Evan-Iwanowski. 5 Nayfeh and Saric 6 have analyzed spinning bodies for combination resonances by using the method of multiple scales.
In this paper, the asymptotic method is presented to determine the resonant response of nonstationary, nonlinear, multidegreeof-freedom systems for general resonances such as combination resonances. The first asymptotic approximation solution is obtained for the general resonance. The concept of virtual work is applied to define resonance, resonance coefficients, and higherorder resonances. A gyroscopic system exhibiting combination differential resonances v = co 2 -2cOj and v = a} 2 -a) 1 is analyzed. The general solution is used to obtain the nonstationary response, stationary response, and stability conditions for these resonances. Nonstationary responses are obtained for the various functions of the frequency of excitation. The details of the work presented in this paper are given in Ref. 7 .
Asymptotic Method
The equations of motion of an n-degree-of-freedom, asymptotic, holonomic mechanical system can be normalized and written in the following form :
;=l,...,n (1) In Eq. (1), the terms which are functions of T are varying slowly with time. The method presented in this paper requires that the system parameters vary slowly compared to a natural time unit, which is a time unit of the order of the vibration period. The time i varies from 0 to L. Setting e = 0 in Eq. (1) and assuming that T is a parameter results in an equation, called an unperturbed equation, which can be solved as follows :
When £7*0, i.e., in the presence of perturbation, higher harmonics may appear in the solutions and the natural frequency may depend on the amplitude. Furthermore, various resonances may take place, and the variation of cofo) and V(T) with slow time, T, will result in additional phenomena which are not observed in nonlinear stationary systems. Taking into account these physical arguments and keeping in mind that when e -> 0 the solution should be represented by Eq. (2), we use the following form to solve Eq. (1) where Uf are unknown functions, periodic in 9 and \l/ 1 ,...,\l/ n and dependent on a v ...,a n . The functions a- 3 and \j/j are determined from the following equations :
where AJ and Bj are nonoscillatory functions. U?, Aj, and B, (1) is insufficient to determine the unique values of these coefficients. To obtain unique values, an additional condition is necessary ; i.e., Uj must be finite.
The asymptotic method presented here is similar to the asymptotic method developed by Mitropolskii for nonstationary systems. The essential difference lies in the form in which the solution is sought. In the present method, this form is the same for all resonances; in Mitropolskii's method, it changes for different resonances. The former approach, as will be clear later, is a unified approach for all resonances, and makes it possible to obtain resonance coefficients and conditions. Expanding f. in the right-hand side of Eq. (1) (6) co-sn \ After determining the first and second derivatives of Xj with respect to time t by using Eqs. (3) and (4) and substituting Xj and Xj in the left-hand side of Eq. (1), we equate the coefficients of the same power of e, up to an including mthorder terms, in the left and right sides of Eq. (1) 
The steps leading to the mth-order approximation are as follows. Calculate Uj 1 , A-1 , and B^ by solving Eq. (7a) and constraining U^ to exclude secular terms. In a similar manner, for the mth approximations, the values of U•, A-, and Bj (i= l,2,...,m-1) obtained from the previous steps are substituted into //"-N/ 1 in Eq. (7b). Uj", Aj", and Bj" are then calculated by solving Eq. (7b) and constraining Uj" to exclude secular terms. Substituting Uj", Aj", and Bj" into Eqs. (3) and (4) yields the mth asymptotic solution.
Resonances
Resonance is characterized by a large system response amplitude caused by a small perturbation force. This phenomenon can be explained in terms of virtual work; that is, it takes place when the virtual work done by the perturbing forces over a cycle of a particular mode is not equal to zero over a large time interval.
Consider the virtual work of the perturbing force efj along the virtual displacement corresponding to the mode of the first harmonic of Xj; i.e., It should be noted that the harmonic terms in ft whose frequency is COj for T* contribute virtual work in Eq. (9), resulting in resonance. These terms, which are secular terms in Eq. (15), contribute terms in Eq. (18). The method of varying parameters, 8 also known as the averaging method, can also be applied to construct the approximate solution for nonstationary systems, although it must be modified so that the slowly varying parameters are regarded as constants during the averaging. For the first asymptotic approximation solution, the analysis of the averaging method is simpler than the averaging method. However, for higher-order resonances and higher-order approximation solutions, the asymptotic method presented in this paper gives a more unified approach than the averaging method. 
Gyroscopic System
Consider the gyroscopic system shown in Fig. 1 . It consists of a rotor D, mounted on the shaft, which is supported by two bearings C and O. The rigidity of the upper bearing C is only assumed to be nonlinear with respect to angle /?. This assumption is made to simplify the analysis, since the resonance phenomena which will be discussed will be present even if bearing C is also nonlinear with respect to angle a. However, in this case, the analysis will be much more involved. The rotor D is assumed to be unbalanced statically and dynamically. ), and neglecting terms of a higher order of e than unity, we obtain a+ (7 p 
Normalization
Let the solution of Eq. (21) be in the following form:
substituting a and /? from Eq. (23) into the resulting equation and Eq. (21b), results in the following characteristic determinant:
Denoting the roots of Eq. (24) as we obtain
Here the modes corresponding to the positive sign in Eq. (25a) are considered. co v which is negative, represents an inverse precession, and co 2 , which is positive, represents a direct precession. By differentiating Eq. 
where 
Conclusions
The asymptotic method presented in this paper results in a unified approach for the determination of the resonant response of a nonstationary, nonlinear mechanical system for general resonances, including combination resonances. The resonance conditions can be used to determine the possible resonances in a system. The first asymptotic nonstationary solution can be obtained from the general solution, as demonstrated by the calculation of the combination differential resonances v = a) 2 -2a) 1 and v = co 2 -co l of the gyroscopic system. The nonstationary responses obtained for various functions of v indicate that the nonstationary response may shift from one stable mode to another when the rate of variation of the frequency of excitation is changed.
